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The fractional quantum Hall effect 1 ͑FQHE͒ results from a strongly correlated incompressible liquid state 2, 3 formed at special uniform densities ͑͒ of a two-dimensional ͑2D͒ electronic system that is subjected to a very strong transverse magnetic field B ជ . The dominant sequence of fractional Hall states occurs when filling of the lowest Landau level is ϭp/(2mpϩ1), where pϭ1,2, . . . and mϭ0,1, . . . are integers. Much of the theoretical work on FQHE is based on the study of the properties of a 2D fully spin-polarized ͑spin-less͒ system of N interacting electrons embedded in a uniform positive background. The electrons with charge Ϫe(e Ͼ0) and mass m e are considered confined in the xϪy plane of area ⍀ and subjected to a perpendicular magnetic field B ជ ϭ(0,0,B), which is generated from the symmetric gauge vector potential A ជ (r ជ)ϭ͓Ϫ(B/2)y,(B/2)x,0͔. We will consider the thermodynamic limit of an infinite system defined as the limit of N electrons in a sample of area ⍀, where N and ⍀ go to infinity with the density kept constant.
The many-electron system is described by the Hamiltonian Ĥ ϭK ϩV , where K is the kinetic energy operator
and
is the total electron-electron, electron-background, and background-background interaction potential, where v(͉r ជ j Ϫr ជ k ͉)ϭ(1/4⑀ 0 )(e 2 /⑀͉z j Ϫz k ͉) is the interaction potential, z j ϭx j ϩiy j is the location of the jth electron in complex coordinates, and ⑀ is the dielectric constant of the background.
It has become clear in recent years that many essential features of FQHE can be understood straightforwardly in terms of a new kind of particle, called a composite fermion ͑CF͒, which is a bound state of an electron and an even number of vortices of the many-body quantum wave function 4, 5 formed at the electronic densities () ϭ/͓2l 0 (B) 2 ͔ where l 0 (B)ϭͱប/(eB) is the electronic magnetic length. The fundamental property of the CF's is that they experience a reduced effective field B*ϭB(1 Ϫ2m) so that the liquid of strongly correlated electrons at B is equivalent to a liquid of weakly interacting CF's at B*.
Since the degeneracy of each Landau level is proportional to the magnetic field, the degeneracy N s * of each CF Landau level will be smaller than the corresponding N s for the electrons and will be given by N s *ϭN s (1Ϫ2m). As a result, the effective filling factor of CF's will be an integer number *ϭp and will correspond to stable electronic filling factors ϭ*/(2m*ϩ1), where *ϭpϭ1,2, . . . is the number of filled CF Landau levels. There are two calculational schemes based on the intuitive physics above. One constructs explicit wave functions 4 while the second scheme employs a Chern-Simons ͑CS͒ field theory 6 approach to investigate the CF state. Although the two schemes are based on the same physics, a precise quantitative relationship between them is not clear. The wave function ⌿ CS given by
where ⌽ p (B*) is the Slater determinant wave function of p filled Landau levels, evaluated at the magnetic field shown in the argument, is obtained at the mean-field level of the CS field theory and describes electronic fillings ϭp/(2mp ϩ1). So few many-body problems are solvable that a certain interest may be attached to any model that is exactly solvable. Exact solutions, when available, enable one to gauge the efficiency of different numerical methods and to carefully test many approximations.
It seems not to have been previously observed that an exact solution for the radial distribution function and interaction energy per particle can be obtained for the above CS wave function. As we show in this article, the mathematics is simple, but the results are, however, quite instructive and the comparison with other numerical estimates is interesting. A possible way to find the interaction energy per particle, For a magnetic field B* applied in the z direction which, as usual, is generated by a symmetric gauge vector potential A ជ (r ជ), the eigenstates of the ideal Hamiltonian
for the various CF Landau levels nϭ0,1,2, . . . are given by
where l 0 (B*) is the CF's magnetic length and
and lϭ0,1, . . . ,(N s *Ϫ1) is the angular momentum quantum number for the CF's. The radial distribution function g (r 12 ) will be given by
where the ''statistical exchange'' factor is computed from l p (r 12 )ϭ p (r ជ 1 ,r ជ 2 )/() and the spin degeneracy g s of each Landau state is g s ϭ1, because we are considering fully spinpolarized ͑spinless͒ electrons ͑CF's͒. The electronic density ͑͒ is the same as the CF's density and the ͑reduced͒ onebody density matrix p (r ជ 1 ,r ជ 2 ) that corresponds to the dynamically uncorrelated state ⌽ p (B*) is given by
where we are using the complex coordinates z i instead of the two-dimensional vectors r ជ i . In the above equation, the sum is extended over all occupied CF states, where n,l (z) and n,l * (z) are, respectively, the single particle wave function and its conjugate. Using a standard algebra, one can easily prove that the contribution to p (z 1 ,z 2 ) coming from the nth CF Landau level is
where L n (x)ϭ(e x /n!)(d n /dx n )(x n e Ϫx ) are the Laguerre polynomials of order nϭ0,1, . . . . By using the formulas given in Eqs. ͑8͒ and ͑9͒ one can express the second term of Eq. ͑12͒ as
͑13͒
In the thermodynamic limit both the density and the filling factor ϭN/N s are kept constant as the number of electrons N and the LL degeneracy N s go to infinity. Since the degeneracy N s * of each CF Landau level is directly proportional to N s then also (N s *Ϫ1) goes to infinity in the thermodynamic limit. At this point the summation over l in Eq. ͑13͒ is extended from 0 to ϱ and one obtains
By substituting Eq. ͑14͒ in Eq. ͑12͒, one notes that, in the thermodynamic limit, the one-body density matrix p (z 1 ,z 2 ) given from Eq. ͑11͒ depends solely on p and not N s * . After some algebra, the statistical exchange term is found to be complex
͑15͒
but since the radial distribution function is found by applying Eq. ͑10͒, the phase factor of l p (z 1 ,z 2 ) disappears and we obtain g ͑ r 12 ͒ϭ1Ϫexpͫ Ϫ r 12
͑16͒
where r 12 ϭ͉z 1 Ϫz 2 ͉ is the interparticle distance. From this result one may erroneously think that the radial distribution function at fillings ϭp/(2mpϩ1) will depend only on p and not in m, but a deeper check tells that the dependence on m is ''hidden'' in the reduced field B*ϭB/(2mpϩ1) to which the CF's are subjected. We can further simplify this 
in terms of the natural dimensionless distance r 12 /l 0 (B).
The calculation of the interaction energy per particle corresponding to ⌿ CS for ϭp/(2mpϩ1) follows from Eq. ͑4͒, where after writing ()ϭp/͓2l 0 (B*) 2 ͔ we introduce the dimensionless variable xϭr 12 /l 0 (B*) and obtain the energy in a simple one-dimensional integral form,
In the p→ϱ limit and for a nonzero value of m, the CS wave function ⌿ CS will correspond to the filling ϭ1/(2m), where mϭ1,2, . . . and, in this limit the radial distribution function is found to be
where J 1 (x) is the Bessel function of the first order. It is interesting to note that this radial distribution function corresponds to a 2D system of fully-spin polarized (g s ϭ1) free fermions whose Fermi radius is given by k F "ϭ1/(2m)… ϭ1/͓ͱml 0 (B)͔. The exact interaction energy per particle corresponding to the ϭ1/(2m) state, where mϭ1,2, . . . is computed by applying Eq. ͑4͒ and we find that
We calculated exactly the integrals appearing in Eq. ͑18͒ for the first 10 values, pϭ1,2, . . . ,10 of the series of fillings where mϭ1 and 2. The interaction energy per particle u is shown in Fig. 1 for the series of states ϭp/(2pϩ1) ͑square͒ and ϭp/(4pϩ1) ͑circle͒. In the p→ϱ limit the results converge to the values given by Eq. ͑20͒, respectively, for the ϭ1/2 ͑dotted line͒ and ϭ1/4 state ͑dashed line͒. In Figs. 2 and 3 we plot the radial distribution function corresponding to the first two values of p for the series of fillings given, respectively, by ϭp/(2pϩ1) and ϭ p/(4pϩ1) and we compare them to the radial distribution function of the states ϭ1/2 and 1/4 obtained, respectively, as the p→ϱ limit of each of such series and given by Eq.
͑19͒.
A better and more instructive idea of these results is given in Tables I and II , where we display the exact analytical values of energy for ten states of the form ϭp/(2pϩ1) and ϭp/(4pϩ1), respectively. Since different numerical methods and approaches have been used to study these phenomena, we believe that these exact results can be quite use- which enables a treatment of much bigger systems of 50 particles. By adopting this method to the spherical geometry, they used variational Monte Carlo techniques to compute the expectation values of the interaction and kinetic energy per particle for different wave functions, among them the ⌿ CS wave function. In the spherical geometry, they found that the energies scale approximately linearly as 1/N where N is the number of electrons. In Table I we compare directly our exact results with their N→ϱ extrapolations of the interaction energy per particle and as can clearly be seen, their results are very accurate for all the relevant fillings they have considered, but eventually the method becomes more difficult to apply and less accurate for states in the →1/2 limit. In summary, we have analytically computed the interaction energy per particle for all states of FQHE that are described by a CS wave function. We provide tables of exact analytical values of the interaction energy per particle for all these states. The data can be used to further test the reliability of different numerical methods employed on the study of FQHE.
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